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Operator mixing on the lattice

Rotational symmetry broken on the lattice to cubic symmetry
1. operators mix under renormalisation on the lattice

2. power divergent mixing between operators of different mass dimension



Operator mixing on the lattice

Rotational symmetry broken on the lattice to cubic symmetry
1. operators mix under renormalisation on the lattice

2. power divergent mixing between operators of different mass dimension

) for example

twist expansion of parton distribution functions




(Twist-2) operator mixing on the lattice

Parton distribution functions reflect internal structure of nucleons
. defined on the light-cone

. Mellin moments of parton distribution functions
~ matrix elements of “twist” (dimension - spin) operators

. twist-2 operators dominate in Bjorken limit

%67{/11 Dy, oo Dyng

. power divergent mixing
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. limits lattice calculations to first four moments

Monahan and Orginos, poster at this conference



Operator mixing on the lattice

Rotational symmetry broken on the lattice to cubic symmetry
1. operators mix under renormalisation on the lattice
2. power divergent mixing between operators of different mass dimension

Smearing partially restores rotational symmetry

reduces Operator lelng Davoudi and Savage, Phys. Rev. 86 (2012) 054505



Aim

systematically connect nonperturbative, smeared lattice

calculations to continuum physics




Operator product expansion
Wilson’s idea: operator product expansion (OPE) Wilson, Phys. Rev. 179 (1969) 1499

nonlocal operator ~ (perturbative) coefficients x product of local operators



Operator product expansion
Wilson’s idea: operator product expansion (OPE) Wilson, Phys. Rev. 179 (1969) 1499

nonlocal operator ~ (perturbative) coefficients x product of local operators

For example, in free scalar field theory
operator products
1

B(@)H(0) = 5T+ 16%(0) + 10,67(0) + %x“x”@uﬁyqﬁQ(O) +

[here the OPE is just a Laurent eXp




Operator product expansion
Wilson’s idea: operator product expansion (OPE) Wilson, Phys. Rev. 179 (1969) 1499

nonlocal operator ~ (perturbative) coefficients x product of local operators

For example, in free scalar field theory

B(D)B(0) = 5T+ 162(0) + 279,6%(0) + 52" 8,0,6%(0) +

2

A2

Interactions modify the Wilson coefficients

O(2)9(0) =

= (l+a log(24) .. )T+ (1 + ag2log(z2u?)...)6%(0) + . ..

... but not their leading-x behaviour
(determined by operator mass dimension)



Operator product expansion

(Formally) convenient to separate leading-x behaviour

B@)D(0) = ~g el + 2 $(0) + 2%y, 20,67(0) + T c5,0,20,0, 57 (0) +

1
= — + arlog(z?p?) + . ..
4

In general
H‘)de )ex(z, W)OW (0, )

Operator relation - understood as acting in matrix element with N external fields

(Q10(2)d(p1) - .. d(pw)|2) "= > di(e?) ez, {QIOY (0, 1)é(p1) - .. (pw)|2)
k



Smeared operator product expansion
Replace product of local operators with locally smeared operators (sOPE)

operator ~ (perturbative) coefficients x product of locally smeared operators

x —(k
_>0 Z dk: Ck: Ly by T )O%)(07H77>



Smeared operator product expansion
Replace product of local operators with locally smeared operators

operator ~ (perturbative) coefficients x product of locally smeared operators
/" O\ :

) 220 Z d(22) ey, 1, 7 )O%{)(O, u,7) Smearing scale T

bar denotes smeared coefficients and operators

Smearing implemented via gradient flow
. nonperturbative matrix elements finite in continuum limit at fixed physical 7
. partially restores rotational symmetry
. removes operator mixing due to hypercubic lattice symmetry



Smeared operator product expansion

For example, consider the two-point function with OPE

H(D)6(0) = ol + e 6(0) + O(a)

which becomes
H()B(0) = gl + 22 6 (,0) + O(a)



Gradient flow

Deterministic evolution of fields in “flow time”’ 7 toward classical minimum

o _ _
E¢(77 ﬂl’) — 62¢(T7 33') ¢(T: 07 .’,13) — ¢(SE>
Liischer, Commun. Math. Phys. 293 (2010) 899

Exact solution possible with Dirichlet boundary conditions

Qb(T, 'CC) — 6T82¢(x) g(’r? p) — e_Tp2;b/(p) Srms = \/§

ideal testing ground for sOPE NB.[7]=2

Renormalised theory on the boundary requires no further renormalisation

Liischer and Weisz, JHEP 1102 (2011) 51



Smeared Wilson coefficients

Calculate Wilson coefficients in standard manner:
for example, consider again the sOPE for the two-point function

(2)6(0) = %eﬂ 12 321, 0) + O(a)

Define Green functions via operators “embedded” in matrix element
rearrange sOPE

(2, 7){ULdr(p1)Pr(p2)|2) = (Q¢(2)$(0)Pr(p1) PR (p2)I2)
— T2 (2, 7)(Q| (0, 7)$(0)p & (p1) Pr(p2)|€2)

work at tree-level and expand to order m’

A" (5,7) = {(A(2)0(0)dr(p1)Sr(p2)|2) — (A0, T)6(0)r(p1)Dr(2)|2) |

to O(m?)



Smeared Wilson coefficients

So we have

@ w.7) = {(Qe(2)0(0)dr(p1)dr(p2)|2)” = (2A6(0.7)6(0)dr(p)Er(p2)|2) " |

to O(m?)

. graphically

E}EO) (xv 7_) — { — }
to O(m?)

EEO)(SU 7_) _ {/ d4q4 2675q-x _/ d4q4 6_q27' }
’ 2 2 2
2m)* ¢ +m @Mt m ] o




Smeared Wilson coefficients

. expanding in the mass and carrying out integrals
_(0) 1 [1 1 m At
- - 1 — g+ log [ =
T = L2 i BT 8\ 2

. compare to the Wilson coefficient in the original OPE

2

CEO)(l‘, M # {% — mz (WE + log (7T2,LL21:2>)]

Beyond tree-level things get slightly trickier...



Smeared Wilson coefficients

Working at one-loop, the rearranged sOPE
iz, ) (UG r(p1) R (p2)|2) = (QP(2)$(0)PR(p1) PR (12)[€2)
— Cy2(2,7) <Q|$ 7)$(0 )¢R(p1)qu(p2)\Q>

becomes

) 07) = (40(00drlp) ()" ~ | (250, 7)0(0)m()n(p) 1)

+ cc(bg) (z, T)<Q]$(O, T)gb(O)qBR(pl)qu(pQ)|Q>(O)]

so we must first determine EE;Q) (z,7)



Smeared Wilson coefficients
We have

& (5,7) = {(A(@)6(0)dr(p1)Sr(p2)| )Y = (2A6(0, 7)6(0)r(p1)dr(p2)|2)" }
. graphically

() = { - }
to O(mV)
}to O(mV)

to O(mP)

(1) 1 A ¢l1T g @T
Cyr (2,7) = 5 %) -5 2 D)
¢ (pf +m?)(p3+m?) | 2 J, (@ 4+ m?)((g— p1 — p2)? + m?)



Smeared Wilson coefficients
We have

) (2.7) = {( QAo (0)dr(p)dr(p) ) — (260, 7)6(0)5r(m)dr(p2) "}
graphically

() = { - }
to O(mV)
- ! L Cirr —
T,T) = — =
” (7 +m?)(p5+m?) | 2/ (¢ +m?)((a =P ’\3)2 1) | f oo
momentum independence in small-x limit requires
2

T X T

to O(mP)

—(1)

C




Smeared Wilson coefficients

_ 1 4T
cfblg)(:r, T) = 5 (1 — vg + log (ﬁ))

we need to determine remaining contribution

A7) = {(QA6(D)0(0)@r(p1)r(p)I2)Y (160, 7)0(0)dr(p1)dr(p2)|2)" }
. graphically

& (z,7) = { - }
to O(m?)

With

to O(m?)



Smeared Wilson coefficients

_ 1 41
D=} (1 s (1))

we need to determine remaining contribution

A7) = {(QA6(D)0(0)@r(p1)r(p)I2)Y (160, 7)0(0)dr(p1)dr(p2)|2)" }
. graphically

d"(@,7) { - }
to O(m?)
interaction vertex
at flow time zero V>

loop integral requires renormalisation
introduce new scale u

With

to O(m?)



Smeared Wilson coefficients
Tree-level calculation demonstrates
. recover leading-x behaviour
One-loop calculation demonstrates
2

. momentum independence of Wilson coefficients requires 7 o x

. quantum effects generate renormalisation scale dependence u

Renormalisation group equations enable us to study scale dependence



Renormalisation group equations

Consider renormalisation group (RG) equations for connected Green functions
d 8 a , 0

Green function of N external scalar fields

d conn N conn
po Gy ):_§7G1(v )

Green function of renormalised operator coupled to N external scalar fields

d

Conn N conn
GG = (=37 ) 686



Renormalisation group equations

Applying the operator
Ona =g+ (5 +1) B(1)9(0) = ci2 6%(0) + O(1)

to the OPE nominW
(conn)

Gios™ = cpo(pa) Gy (0%) + O(2)
leads to the RG equation for the Wilson coefficient

d
[u@ + (v + vm)] Cyz(pz) =0 >
anomalous dimension = difference between anomalous
dimensions of non-local and local operators




Renormalisation group equations

For the sOPE we have

d d d
= —> ph5— + K-

du du dr
We now act with

d N d d N

on the sOPE
conn _ conn) ,—2
Grrs™ = T (na) Gy (6p) + O()

we obtain
[ d d

P T as +7+7¢?] Co2(pa, k) =0 \

anomalous dimension = difference between anomalous dimensions of non-
local and (smeared) local operators



Renormalisation group equations

Wilson coefficients and matrix elements a function of two scales

scale invariance ties scales together

Match to nonperturbative lattice calculations

12 (GeV)

N

—2

¢ (,u’,T’)> X E¢2(u’x,m< 1/8)

p (GeV)



SOPE summary

Introduced locally smeared operator product expansion

Scalar field theory demonstrates

. momentum independence of coefficients connects
smearing radius to space-time separation
. quantum effects generate renormalisation scale dependence

Renormalisation group considerations

. tie together smearing and renormalisation scale

Systematic method to incorporate smeared operators in lattice calculations



Next up: application to DIS

Gradient flow a well-established tool for QCD

. non-linear flow time equations complicate analysis

. flow time evolution still classical
Liischer and Weisz, JHEP 1102 (2011) 51

Demonstrate effectiveness

. determine Wilson coefficients at one loop

. calculate twist-2 matrix elements nonperturbatively

_ 1 B 1
qVuDvDyq ~ L —— qVuDyD,yq ~ — 0 g

. apply nonperturbative step-scaling procedure



Thank you

cjimonahan@wm.edu
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